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This study aims to make an objective comparative analysis between the relative signifi-
cance of three crucial modelling aspects involved in the probabilistic analysis of transport
networks. The first question to address is the extent to which the size of generated path
sets can affect the prediction of the static flow in the path-based traffic assignment
paradigm. The importance of this question arises from the fact that the need to generate a
large quantity of paths may be perceived by analysts as a preventative reason as to the
application of path-based stochastic traffic assignment (STA) models for large-scale net-
works. A simulated path generation algorithm, which allows the number of generated
paths to be under modeller's control, is applied. Findings show that the size of the
generated path sets does not substantially affect the flow prediction outcome in this case
study.
Further investigations with respect to the relative importance of STA model estimation
(or equivalently, parameter calibration) and model specification (or equivalently, error
term formulation) are also conducted. A paired combinatorial logit (PCL) assignment model
with an originedestination-specific-parameter, along with a heuristic method of model
estimation (calibration), is proposed. The proposed model cannot only accommodate the
correlation between path utilities, but also accounts for the fact that travelling between
different originedestination (OeD) pairs can correspond to different levels of stochasticity
and choice randomness. Results suggest that the estimation of the stochastic user equi-
librium (SUE) models can affect the outcome of the flow prediction far more meaningfully
than the complexity of the choice model (i.e., model specification).
© 2016 Periodical Offices of Chang'an University. Production and hosting by Elsevier B.V. on
behalf of Owner. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).1.
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Accurate evaluations of the performance of urban transport
networks can remarkably affect the precision and effective-
ness of the prescribed decisions in connection with imple-
mentation of supply or demandmanagement policies such as
optimal network design, road pricing or serving commuters by
sources of information (Haghani et al., 2015; Sarvi and
Kuwahara, 2008; Sarvi et al., 2004). There has been a great
interest among transport researchers in developing and using
advanced choice models to represent travellers' route choice
behaviour and their reaction and adaptation to different
changes in the system in a sufficient accuracy.
Modelling route choice behaviour, however, is one of the
most challenging issues in travel demand analysis. The
presence of a huge number of feasible alternative routes
connecting each OeD pair in a typical transport network, as
well as the fact that route characteristics, notably travel times,
are dependent on user's behaviours and decisions, has made
this one of the most challenging areas of transport engineer-
ing. In other words, not only the choice sets that decision
makers considered are considerably ambiguous (and poten-
tially large) to the modeller in a route choice setting, but also
the attributes of alternatives are subject to alteration accord-
ing to decision makers' decisions, and hence, they should be
determined through solution of a large-scale equilibrium
mathematical problem.
In recent years, there has been a growing recognition of the
advantages of path-based stochastic traffic assignment (STA)
methods. It has been established that explicit treatment of
path-flow variables allows the adaptation of more advanced
random-utility models in the analysis of transport networks
to address different behavioural aspects of travellers' decision.
This research focuses on certain primary issues in route
choice modelling, specifically choice set generation, model
estimation and model (or almost equivalently, error term)
specification. Accurately speaking, “model specification”
conveys a more general meaning than “error term specifica-
tion”, as error term is part of a random-utility model. How-
ever, the authors have focused on univariate STAmodels, and
the error-term specification primarily determines structure of
the choicemodel. Hence, those two terminologies can be used
interchangeably in this context without losing much preci-
sion. A considerable amount of research has formerly been
conducted in the area, though they have mostly been
concentrated on the specification of the random error com-
ponents to accommodate the correlation among utilities of
alternative routes. The two other issues have also been stud-
ied, but in a far more limited way and mostly independent of
each other. This research intends to consider the aforesaid
problems in an integrated framework from the perspective of
flow prediction.
In addition, a heuristic and approximate estimation
method of univariate STAmodels is proposedwhich alleviates
challenges of traditional model estimation to a considerable
degree and can also readily be extended to an OeD-specific-
parameter approach. The performance of the proposed OeD-
specific-parameter PCL model has also been examined and
been compared with its single-parameter counterpart model.The following section is also aimed to further elucidating the
structure and the main contributions of the study.2. Background
Recently, there has been a growing interest in the develop-
ment and implementation of path-based methods for road
network or public transport traffic assignment (TA) (Hickman
and Bernstein, 1997; Shahhoseini et al., 2015). Advances in the
efficiency of computer analysis have allowed modellers to
generate and store path-flow variables explicitly, despite past
tendency towards the link-based approach of network
loading. Now, most researchers generally concede that the
explicit consideration of path-flow variables, as the actual
alternatives of travellers would allow application of more
advanced choice models with sounder theoretical underlying
assumptions (Shahhoseini et al., 2015). The necessity for
generation of choice sets by the analyst appears in both
model estimation and TA phases, each of which has its own
considerations. Having their own theoretical and
computational challenges, both problems share a similar
concern about how to produce manageable-sized and
heterogeneous subsets from universal sets of alternatives
which include the actual competitor paths mostly
considered by travellers while excluding the irrelevant paths
which are rarely considered by users.
Part of this studywill investigate the influence of the size of
generated path sets on the outcome of TA, which is the
equilibrium link flow. Some previous researches have studied
other factors in this context, such as the rate of convergence
of the equilibrium algorithm (Bekhor et al., 2008). A version of
a well-known simulated path generation method, which
produces fixed sets of paths prior to the TA procedure, has
been utilised to investigate the extent to which the size of
generated sets can affect the prediction of equilibrium flow
and the whether generation of very big choice sets is
necessary. The significance of this issue stems from the fact
that the computational expenditure of a path-based TA is
highly reliant on the number of generated routes.
A probabilistic approach of network analysis has been
originally developed to represent the uncertainties involved in
modelling route choice behaviour including errors in percep-
tion, measurement and model specification. This class of
models can potentially provide a more precise representation
of behaviour through the more flexible modelling structure.
Along with the developments in random choice modelling
area, more advanced models than the simple multinomial
logit (MNL) model found their way into the route choice
analysis, primarily to address the problem of path-correlation.
Advanced generalised extreme value (GEV) models, such as
paired combinatorial logit (PCL) (Shahhoseini et al., 2015),
practiced in this study and originally formulated by Chu
(1989) and adapted by Prashker and Bekhor (1998) for TA,
can represent the fact that due to the presence of common
segments between routes, they cannot be assumed to be
perceived by decision makers as totally independent
alternatives.
According to the literature, univariate stochastic user
equilibrium (SUE) models have mostly been run and practised
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approach, however, ignores the fact that travelling between
different OeD pairs with different distances can be associated
with different degrees of randomness and stochasticity in
terms of perceiving routes and their attributes by travellers.
Accordingly, an OeD-specific-parameter univariate PCL
model has been proposed in this research which can suffi-
ciently accommodate the aforementioned problem.
The calibration of route choice models, even for univariate
models, faces particular challenges, most of which arise from
the very large number of potential alternatives. In addition,
particularly in studies concerning univariate STA models,
there has been a tendency to set the calibration parameter to a
pre-specified rounded number such as unity (Bekhor and
Prashker, 2001; Chen et al., 2003; Dial, 1971; Prashker and
Bekhor, 1998, 2000). Since the calibration parameter of these
models conveys crucial information from the modelling
perspective and reflects the level of uncertainty in travellers'
behaviour into the modelling process, the estimation of this
parameter is of significant importance from the modelling
point of view. In order to mitigate the fundamental challenges
and difficulties regarding the calibration of this parameter
based on choice data, a heuristic and simple method is pro-
posed, which can be regarded as an approximate but practical
estimation method, and can easily be generalised to estimate
a structured-parameter STA model (both OeD-specific-
parameter model and structured-parameter model inter-
changeably are equally relevant and appropriate terminol-
ogies). The proposed method simply uses the differences
between the actual and perceived travel times as proxies for
the random, unobserved error terms. The method will be
elaborated in the following sections, and estimations based on
a practical data set will be presented.
Finally, a comparison will be made to examine the relative
significance of parameter estimation and sophistication of the
choice model. The transition from a single-parameter MNL to
a single-parameter PCL and to an OeD-specific-parameter
PCL-SUE will be considered, and a comparison will be made
based on the relative contribution and significance of each
relaxation to the prediction of flow pattern.
However it should be noted that the findings are all
confined to the univariate, unimodal, single-class and static
STA models with fixed demand. Accordingly, it needs to be
highlighted that the type of modelling approach considered in
this study mostly suits long or medium-term planning pur-
poses for which the level of details used in dynamical TA
(DTA) may not be consistent with the precision of demand
forecast. As a result the computational cost of DTAmay not be
justifiable.3. Path generation
According to the literature, the methods for generating paths
can generally be classified into two categories of deterministic
and probabilistic approaches. The deterministic approach
includes the exact (Bellman and Kalaba, 1960; Eppstein, 1994;
Hadjiconstantinou and Christofides, 1999; Hoffman and Pav-
ley, 1959; Katoh et al., 1982; Shier, 1979) and heuristic K-
shortest paths or K-constrained shortest paths (Van der Zijppand Fiorenzo-Catalano, 2005), the labelling approach (Ben-
Akiva et al., 1984) proposed based on the idea that travellers
may have different objectives in their route choice decision,
the link elimination approach (Azevedo et al., 1993) and its
modifications to preserve the connectivity of the network
(Frejinger and Bierlaire, 2007; Prato and Bekhor, 2006), the
link penalty approach (De la Barra et al., 1993; Park and
Rilett, 1997; Scott and Bernstein, 1997), and the most recent
branch-and-bound method (Prato and Bekhor, 2006) based
upon the assumption that commuters may choose their
routes according to the rules other than minimum-cost
path. Probabilistic methods of path generation, however, are
mostly based on the repeated shortest path search in the
network, where the link impedances or individual
preferences are randomly drawn from certain probability
distributions.
This paper aims to examine the importance of the size of
generated sets on the flow pattern predicted by SUE models
during the assignment phase. The problem would be vital in
terms of the application of path-based SUE models when
dealing with real-sized networks in which the number of
generated paths would strongly affect the computational
expenditure of TA. The idea behind the path generation
method implemented in this research originates from the
heuristic method of Sheffi and Powell (1981) for probit-based
network loading. They proposed a link-based Monte Carlo
method in which at each iteration of the simulation
procedure, link impedances are randomly drawn from a
normal distribution, and then an all-or-nothing assignment
is performed based on the drawn impedances. Haghani et al.
(2014a) recently revisited this approach to produce probit-
based user equilibrium flow, showing that, for the model to
function properly, an enormously large number of random
draws from link impedances will be required. Otherwise,
their study shows that the algorithm results solution are
very similar to that of the deterministic user equilibrium.
Clearly, a similar approach can readily be implemented to
generate paths. The steps of the algorithm applied in this
research are as follows.
(1) Include a free-flow-time shortest path for each OeD
pair in the choice sets.
(2) Calculate the deterministic user equilibrium (DUE)
travel times for each link: tDUEa ;ca. Draw link imped-
ances randomly from normal distributions, specified as
ta  Normal ðtDUEa ;btDUEa Þ. Then, run the shortest path
algorithm and calculate the shortest path for each OeD
pair. Add the generated shortest path to the choice set
associated with each OeD pair, if it has not been
generated before. To avoid negative impedances,
negative draws are truncated. Repeat the current step
for a pre-specified number of iterations.
Obviously, this method provides fixed sets of alternatives
for each OeD pair prior to TA procedure. The size of generated
sets depends on two factors: the number of replications of the
algorithm and the value of the parameter b (variance to mean
ratio). Rationally, the number of generated alternatives is ex-
pected to increase when each of these two factors increases.
This feature allows the analyst to bring the number of
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these two input parameters. When the algorithm is applied to
the well-known Sioux Falls network (Fig. 1) (Bar Gera) which is
the test network in this work, Fig. 2 illustrates this
dependency graphically. The average and maximum
numbers of generated paths over OeD pairs are illustrated
in Fig. 2 as the size measures of choice sets. The size of path
sets almost monotonically increases as the number of
simulation iterations or the variance to mean ratio of the
link impedances increase.
The investigations indicate that different combinations of
b and the number of simulation iterations can give rise to a
same level of choice set size. For instance, running the algo-
rithm with b ¼ 1.0 and 500 simulation iterations and with
b ¼ 3.0 and 50 simulation iterations both led to the choice setFig. 1 e Sioux Falls network.
Fig. 2 e Effect of b and the number of simulation iterations on
method. (a) Average number of generated paths. (b) Maximumof about 8 paths on average over OeD pairs. Accordingly, to
produce choice sets of a particular size by this method, the
analyst must take the approach of low variance and a high
number of iterations, or vice versa.
Rationally, the high variance approach will lead to more
variety in the generated path sets, meaning that the generated
routes via this method typically share less common segments
than the similar size path sets produced by a low variance
approach. In order to quantify this, the authors utilized the
similarity indexes defined by Prashker and Bekhor (2000), who
originally developed them to relate the correlation structure of
the PCLmodel to the network topography andmake themodel
applicable for route choice situation. The similarity index (sij)
is a proper measure to represent the degree of overlapping
between a pair of routes and is defined by Eq. (1).
sij ¼
Lij
LiLj
0:5 (1)
where Li and Lj denote the length of paths i and j, respectively,
Lij is the common length between the two paths.
This quantity is equal to its extreme values, 0 or 1, when
the two paths are totally independent or are exactly the same.
In other situations, the index varies between these two values.
For each OeD pair, the authors calculated the average of
this measure over all pairs of the generated paths, and also,
the average of those averages over all OeD pairs so as to
obtain a single overall measure of variability for the generated
choice sets. As Fig. 3 illustrates, for a certain number of
simulation iterations, the variability of the choice sets
generally increases by increasing the value of the variance
to mean ratio (b). Therefore, it confirms our previously
mentioned supposition, that is to say, in order to produce
path sets of a particular size through this method, the high
variance approach would be more desirable than lower
variance approaches because the routes generated by a high
variance approach are more likely to be more
heterogeneous. For any given number of simulation
iterations, higher values of the variance to mean ratio lead
to more heterogeneous path sets.
To uncover the influence of path set size on the prediction
of link flows, as the final outcome of the TA procedure, two
extreme scenarios of path generation were investigated using
the illustrative network.the size of path sets using the simulated path generation
number of generated paths.
Fig. 3 e Variation of average similarity indexes by variation of b. (a) 50 simulation iterations. (b) 100 simulation iterations. (c)
200 simulation iterations. (d) 500 simulation iterations.
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and amaximumof 17paths overOeDpairs,were generated.
 Scenario 2, in which an average of 14.18 paths over OeD
pairs and a maximum of 40 paths over OeD pairs, were
generated.
Table 1 represents theMNL-SUE and PCL-SUE link flows for
the two path generation scenarios. The input, or dispersion,
parameter for both models was set to 0.5. Equilibrium flows
were obtained using the successive averages method
(Haghani et al., 2014a; Sheffi and Powell, 1981).
The choice sets generated by the two aforesaid scenarios
are of substantially different sizes, and as a result, impose
different degrees of computation time on the TA procedure.
However, as Table 1 shows, the equilibrium link flows under
these two extreme scenarios present negligible differences
in the context of planning. For the MNL model, the
percentage of the relative differences between the
corresponding link flows is 0.17%, on average, and limited to
a maximum of 0.80%, while the associated figures for PCL
model are 0.56% and 4.02%, respectively. Hence, although
the PCL-SUE flows seem to be more sensitive to the path set
size, the differences are not considerable, at least for long-
term planning purposes. Although the computational
efficiency of the STA methods is not the primary focus of
this study, the authors reported the computational time
associated to each of the four entry element in Table 1. This
may give a rough idea to the computational expenditure of
each method under different scenarios of path set size,which may play a crucial role when the methods are applied
to large-scale networks. The computational times associated
with path set scenario 1 are 26 and 39 s for MNL and PCL,
respectively. The corresponding figures for path set scenario
2 are 167 and 290 s. The computational times reported here
have been obtained using a processor of these features:
Intel(R) Core (TM) i7-3770 CPU @ 340 GHz.4. Model specification
Advanced generalized extreme value (GEV) models, formu-
lated by McFadden (1978), including PCL, were primarily
adapted for route choice situations to address the fact that
route utilities in a transport network are not perceived as
independent alternatives due to the physical overlap
between them. This problem is indeed the chief theoretical
shortcoming of the MNL-SUE model (Dial, 1971). While the
MNL model, due to its simple diagonal and homoscedastic
covariance structure of random error terms, ignores this
aspect, the joint probability distribution of errors in PCL
model can properly account for this correlation. The MNL
and PCL logit probability for a typical decision maker to
choose a particular alternative k among K alternatives (Pk)
is given by Eqs. (2) and (3), respectively.
Pk ¼ e
qtkPK
j¼1e
qtj
(2)
Table 1 e Equilibrium link flows for different path generation scenarios.
Link number MNL link flow PCL link flow Link number MNL link flow PCL link flow
Scenario 1 Scenario 2 Scenario 1 Scenario 2 Scenario 1 Scenario 2 Scenario 1 Scenario 2
1 5584 5590 5658 5660 39 12,165 12,171 12,229 12,249
2 8313 8321 8298 8345 40 10,972 10,975 10,968 11,014
3 5598 5596 5685 5681 41 9063 9058 9002 9038
4 6518 6519 6529 6579 42 8004 8018 8037 8087
5 8299 8315 8272 8323 43 20,060 20,078 20,100 20,048
6 13,254 13,223 13,119 13,111 44 9088 9089 9078 9073
7 10,690 10,776 10,290 10,704 45 17,740 17,724 17,857 17,783
8 13,223 13,220 13,094 13,123 46 19,233 19,256 19,187 19,154
9 16,789 16,764 16,726 16,676 47 7906 7937 7962 7923
10 6041 6030 5995 5998 48 13,619 13,661 13,569 13,618
11 16,824 16,815 16,768 16,720 49 12,775 12,832 12,812 12,800
12 9180 9186 9178 9162 50 16,496 16,495 16,095 16,354
13 12,731 12,711 12,654 12,675 51 7276 7257 7262 7248
14 6532 6526 6555 6601 52 12,773 12,822 12,810 12,866
15 9208 9212 9191 9183 53 12,710 12,712 12,753 12,724
16 14,766 14,778 14,782 14,782 54 15,531 15,539 15,321 15,476
17 12,185 12,218 12,041 12,190 55 16,561 16,568 16,153 16,334
18 15,488 15,504 15,292 15,403 56 17,538 17,521 17,449 17,429
19 14,809 14,811 14,820 14,824 57 17,747 17,734 17,875 17,744
20 12,142 12,183 12,013 12,118 58 12,716 12,714 12,758 12,803
21 4348 4351 4337 4340 59 8117 8145 8068 8125
22 7884 7921 7939 7944 60 17,546 17,528 17,436 17,381
23 12,737 12,737 12,684 12,697 61 8129 8158 8092 8164
24 4325 4333 4324 4331 62 6363 6365 6294 6378
25 20,614 20,581 20,617 20,570 63 7705 7715 7642 7691
26 20,698 20,688 20,734 20,684 64 6310 6311 6257 6312
27 17,734 17,733 17,787 17,790 65 10,254 10,308 10,172 10,235
28 19,999 20,015 19,982 19,982 66 10,745 10,765 10,818 10,782
29 13,578 13,614 13,536 13,552 67 19,212 19,240 19,262 19,195
30 7268 7245 7255 7235 68 7678 7689 7590 7649
31 6074 6075 6027 6066 69 10,276 10,319 10,184 10,224
32 17,608 17,617 17,646 17,657 70 10,095 10,092 10,012 10,050
33 8552 8552 8621 8581 71 8009 8014 7962 8072
34 10,942 10,949 10,968 10,993 72 10,069 10,061 10,047 10,038
35 10,708 10,773 10,290 10,671 73 8567 8628 8431 8660
36 8530 8555 8611 8597 74 12,161 12,171 12,219 12,231
37 13,521 13,545 13,498 13,541 75 10,671 10,700 10,769 10,727
38 13,617 13,645 13,588 13,623 76 8546 8593 8391 8632
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P
jske
qtk
1skj

1 skj
 
e
qtk
1skj þ e
qtj
1skj
!skj
PK 1
j¼1
PK
i¼jþ1

1 sij
 
e
qti
1sij þ e
qtj
1sij
!sij (3)
where tk is the travel time for path k, and q is the estimation
parameter known as the dispersion parameter.
This parameter can be interpreted as the coefficient of
travel time variable in disutility functions, or equivalently, as
a parameter inversely related to the variance of marginal
probability distribution of error terms. From both points of
view, lower values of q indicate more stochasticity in route
choice behaviour. As q tends to infinity the model collapses to
the deterministicmodel. In this sense, the parameter contains
crucial behavioural information and interpretation from the
modelling perspective. Fisk (1980) and Prashker and Bekhor
(1999) formulated equivalent mathematical optimizations for
MNL-SUE and PCL-SUE, respectively. Efficient solution
algorithms have also been proposed for PCL-SUE by Chen
et al. (2003) and Pravinvongvuth and Chen (2005).Even though the PCL model, due to its sophisticated
covariance structure, can cope with the problem of path
overlapping, another aspect of choice behaviour needs to be
accommodated in the modelling process, as well which has
not been sufficiently addressed in the literature. Theoretically,
route decision making between each OeD pairs is a separate
choice and can be corresponded with its own level of un-
certainties in terms of travellers' perception error. In other
words, there is no solid evidence to support and justify the
application of SUE models with a single value of dispersion
parameter for the entire network (i.e., all OeD pairs). This is
due to the fact that the level of stochasticity in a trip between
distant OeD pairs can be substantially more than that of a
short trip. It stands to reason that in longer trips, travellers are
more subject to error perceptions. Obviously, to replicate
commuters' route choice behaviour in a more accurate
fashion, this fact needs to be reflected into the modelling
process as well.
However, due to the large number of OeD pairs in a real-
sized transport network, the estimation of a specific disper-
sion parameter for each OeD pair seems impractical. This
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with a heuristic method of estimation can address this
problem.
A possible solution to this problem is to introduce a
structured formulation to the dispersion coefficient which
relates the parameter to a fixed physical characteristic of the
network, such as the shortest free-flow-time as a represen-
tative measure for the overall distance between OeD pairs,
and then estimate the formula's parameters. The terminology
of structured-parameter (multinomial) logit was first used by
Miva et al. (2010). The structuring proposed in this study,
however, is written as Eq. (4).
qrs ¼ gðtrsÞ4 crs (4)
where qrs and trs are the dispersion parameter and the shortest
free-flow travel time corresponded with OeD pair rs,
respectively.
The parameters g and 4 need to be estimated. From this
perspective, instead of introducing the value of dispersion
coefficient, the values of estimated g and 4 can be introduced
to the TA procedures allowing q to be calculated for each OeD
pair during the assignment phase. The proposed approach
requires multiple estimates of q for multiple OeD pairs in
order for g and 4 to be estimated based on the empirical data.5. Model estimation
Estimating the route choice models is one of the most chal-
lenging issues in travel demand modelling. The presence of
many feasible alternative paths between each OeD pair
challenges concerning measuring the attributes of these al-
ternatives, and also lack of sufficient variability within the
attributes of alternatives (notably travel times) are the most
primary tasks to be dealt with in this context.
Generally, there have been a limited number of researches
on proposing practical methods to estimate the univariate
SUEmodels. Robillard (1974) suggested amaximum likelihood
method which estimates the dispersion parameter of
univariate MNL-SUE model on a trial and error basis using
link flow observations. As discussed by Fisk (1977), this
approach would face computational difficulties when
applied to real-sized networks. The calibration of univariate
SUE models has also been considered by Daganzo (1977) who
proposed an approximation for the joint probability
distribution functions of link flows.
This section proposes a simple, heuristic estimation
method for univariate SUEmodels which overcomes the need
to provide choice data and, as a result, the need for choice set
generation.
Eq. (5) considers the univariate specification of path
utilities.
Uk ¼ Vk þ ek ¼ qtk þ ek (5)
whereUk is composed of a deterministic partVk, usually called
the representative part of utility, and a random error compo-
nent, ek, which accounts for perception, model specification
and measurement errors. In univariate SUE, the representa-
tive utility is specified as Vk ¼ qtk.The traditional estimation approach consists of normal-
izing the probability distribution of the error term for scale
and estimating the parameters of the representative part in
such a way that maximises the likelihood of occurrence of a
set of choices made by decision makers in the data. For logit-
family models, the marginal probability distribution of ek is a
standard Gumbel distribution (Eqs. (6) and (7)) (Haghani et al.,
2014b), that is a Gumbel distributionwith a location parameter
of 0 and scale parameter of 1. This standard distribution
automatically guarantees the normalization of the model for
scale and makes parameters of the model be identifiably
estimated.
fðekÞ ¼ eekeeek (6)
VarðekÞ ¼ p
2
6
(7)
When it comes to univariate models, the specification of
the model can alternatively be conducted as Eq. (8), in which
the distribution of ek, is assumed to be Gumbel with an
arbitrary scale parameter of q (Eqs. (9) and (10)). In other
words, for univariate models, the representative part of the
utility can alternatively be normalised for scale rather than
the distribution of the random term, leading to the same
choice probability formula as obtained under the previously
mentioned traditional specification.
Uk ¼ Vk þ ek ¼ tk þ ek (8)
fðekÞ ¼ qeqekeeqek (9)
VarðekÞ ¼ p
2
6q2
(10)
Although random error terms are intrinsically unobserv-
able, arguing that for work trips, travel time substantially
dominates other factors contributing to route decision mak-
ing, we utilised the simple differences between the actual
(measured) travel times and the perceived travel times as
proxies of the random error terms. This is somewhat a strong
assumption as the error terms generally include more ele-
ments than this simple difference. This is why the authors
regard the method as an approximate method of estimation.
Having observed the proxies of error, one can estimate the
probability distribution of the errors by maximising the like-
lihood of occurrence of the observed errors. The value of the
parameter q, which maximises the likelihood function, is ob-
tained from Eq. (11), in which n is the number of observations.
n
q

Xn
i¼1
ei þ
Xn
i¼1
eie
qei ¼ 0 (11)
In order to estimate the structured dispersion parameter
formulated in Eq. (4), a data set including “observed errors” for
11 OeD pairs and paths was collected through paper-based
questionnaires filled out by Melbourne commuters. The
estimated values of q, together with the associated shortest
free-flow travel times, round to the nearest number, and the
number of observations are presented in Table 2. The
Average of the values of the estimated dispersion
parameters over these OeD pairs is 0.41. This value will be
Table 2 e Estimated values of q for different OeD pairs.
Shortest free-flow travel
time (min)
Estimated
q
Number of
observations
2 1.11 110
5 0.87 97
6 0.59 125
7 0.63 101
10 0.25 97
12 0.41 95
15 0.15 108
16 0.22 87
20 0.16 92
22 0.08 99
27 0.05 81
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PCL models. Actual and perceived congested travel times, as
measured and reported by the respondents, respectively, are
associated with the morning peak hour congestion.
Using the estimated values of Table 2, the structuring
formula presented in Eq. (4) can be calibrated through a
simple linear regression (Eq. (12)). The regressed line is
illustrated in Fig. 4, while both the intercept and slope are
estimated statistically significant. According to the
regression, the calibration of the structured dispersion
parameter formula is as follows: g ¼ 4.43 and 4 ¼ 1.18.
lnðqrsÞ ¼ lnðgÞ  4 lnðtrsÞ (12)
6. Comparison between model specification
and model estimation
According to the literature, a substantial number of the
studies conducted in the STA field were dedicated to over-
come themain shortcoming of MNL-SUE, which is to solve the
problem of path overlapping. These include the simple mod-
ifications of the MNL model such the C-logit of Cascetta et al.
(1996) or the path-size logit of Ben-Akiva and Bierlaire (1999),
state-of-the-art, and more sophisticated GEV models, such
as cross-nested logit (Prashker and Bekhor, 1998),Fig. 4 e The regression line associated with Eq. (12) and the
travel time perception error data represented in Table 2.generalised-nested logit (Bekhor and Prashker, 2001), or PCL
(Chu, 1989), as well as the heuristic link-based methods of
probit assignment (Haghani et al., 2014a; Sheffi and Powell,
1981).
On the other hand, the estimation problem of univariate
SUE models has received far less attention by comparison. In
many of the previous studies of this problem, the parameter of
the model was set to the pre-specified value of q ¼ 1. At least,
according to this paper's investigation and data, for most OeD
pairs of a typical network, it is unlikely that q¼ 1 can be able to
represent the level of stochasticity and error perceptions in a
realistic enough fashion.
This section, aims to make an objective comparison be-
tween the relative contribution of applying advanced choice
models and estimation of the dispersion parameter to the
prediction of SUE flow pattern. Regarding the specification of
thechoicemodel, three typesofmodelswereconsidered in this
research, including a single-parameterMNL, single-parameter
PCL and OeD-specific-parameter PCL. As stated before, the
MNL model is the most basic SUE model, and the PCL can be
regarded as one of the most advanced choice models applied
network analysis area. The structured-parameter PCL model
proposed in this research primarily aims to relax the implicit
assumptionwhich states that travellers between all OeDpairs
in a network behave similarly with an identical level of
perception errors in their route choice finding.
Fig. 5 shows the comparison of the results of SUE
assignments on the illustrative network. Results show that
the utilisation of sophisticated choice models in STA pales
insignificantly when compared with the estimation of the
model (i.e., specification of the dispersion parameter). In
each figure, the scattering of the points around the line y ¼ x
is a measure for the difference between the two approaches,
and provides graphical information about the dissimilarity
of the outputs in terms of predicted link flows. As can be
seen, for a particular value of the dispersion parameter,
such as the typical pre-specified value of q ¼ 1 or our
average estimated value of q ¼ 0.41, MNL-SUE and PCL-SUE
link flows are not significantly different (Fig. 5(a) and (b)). By
contrast, transition from a typical value of q ¼ 1 to an
estimated value contributes to the equilibrium flows far
more meaningfully, either for the MNL or PCL model
(Fig. 5(c) and (d)). Furthermore, generalization of the single-
parameter PCL model to an OeD-specific-parameter PCL
model makes a considerable difference in terms of predicted
equilibrium link flows (Fig. 5(e)).
Fig. 6 also depicts the sensitivity of the MNL-SUE and PCL-
SUE link flows to the value of the dispersion parameter by
measuring and illustrating the average and maximum
differences between the MNL and PCL link flows associated
with different values of q. According to the graphs, as q
increases, the MNL-SUE and PCL-SUE solutions become
more and more similar. With the value the dispersion
parameter set to 1, there remains no meaningful difference
between these two types of flow, which again highlights the
redundancy of the application of PCL model to traffic flow
prediction as long as the dispersion parameter is set to
unreasonable arbitrarily-specified values like q ¼ 1. The
value or specification of the dispersion parameter influences
the SUE slow prediction in a much more significant way
Fig. 5 e Comparison between the influence of model specification (application of MNL versus PCL model) and model
parameter calibration (reflected as the value of the dispersion parameter, q). (a) Influence of model specification (q ¼ 1). (b)
Influence of model specification (q ¼ 0.41). (c) Influence of model estimation (MNL). (d) Influence of model estimation (PCL).
(e) Influence of structuring the parameter (PCL).
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model) .
The difference between the predictions of the two models
becomes less noticeable as the value of the dispersionFig. 6 e The average and maximum of the absolute
differences between MNL-SUE and PCL-SUE link flows
(over all the links) under different values of the dispersion
parameter.parameter increases. For q ¼ 1, as used in most previous
studies, there are only marginal differences between the
prediction of the two models.7. Summary and conclusions
This study investigates three main issues with path-based
static STA, including the size of generated path sets, model
specification, and model parameter estimation. The primary
purpose of the study is to make a sensitivity-analysis-based
comparison between the relative importance of the three
stated issues in the prediction of link flows.
A simulated path generation algorithm was utilised, and
the impact of choice set size was studied through the inves-
tigation of different path generation scenarios. Findings
indicated that, from the perspective of long-term or even
medium-term planning purposes, the generation of very large
choice sets is not essential. This findingmakes the application
of path-based STA for real-sized networks more promising.
Moreover, in order to address the fact that the route choice
behaviour of travellers between different OeD pairs located in
j o u r n a l o f t r a ffi c and t r an s p o r t a t i o n e n g i n e e r i n g ( e n g l i s h e d i t i o n ) 2 0 1 6 ; 3 ( 3 ) : 1 8 1e1 9 1190different levels of distance is corresponded with different
degrees of stochasticity, and at the same time accommodate
the problem of path overlapping, an OeD-specific-parameter
PCL model was proposed and estimated based on empirical
data.
In addition, to overcome the difficulties involved in the
calibration of SUEmodels, an approximate heuristic approach
of estimation was proposed for univariate models. In this
approach, themodeller is not required to resort to choice data,
and consequently, does not need to generate choice sets in the
estimation phase. Utilised a by-and-large strong simplifier
assumption though, the proposed approach can be regarded
as an approximate method in the absence of choice data and
can more readily be applied to real-sized networks than the
traditional method. Using method, rather than resorting to a
choice data set, the authors referred to the differences be-
tween perceived and actual travel times as proxies of random
error terms. Consequently, instead of maximizing the likeli-
hood of observed choices and estimating the representative
part of utilities, the probability distribution of the randompart
of utilities is estimated through maximizing the likelihood of
observed errors.
Received considerable attention in the literature
notwithstanding, the sophistication of the choice model
proved in our study to be far less significant than the esti-
mation of the SUE model parameter in terms of the contri-
bution to the prediction of link flows. The result of TA seems
to be much more sensitive to the value and specification of
the input parameter than to the selection of a theoretically-
appealing choice model, which is also equivalent to the
specification of a sophisticated probability distribution for
the random error terms of path utilities. Therefore, under-
taking the computational cost of applying theoretically
advanced choice models in TA seems not to be justifiable
without estimating the dispersion parameter based on
empirical data, as the comparison strongly suggests that the
effect of the latter on the outcome of flow prediction is far
more substantial.
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